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As per the projection postulate, the evolution of the quantum state of a system upon measurement results
in state update. In this work we investigate the characterization of updated states of multipartite entangled
qubit states with nondestructive weak measurements, involving weakly coupling a pointer to each qubit while
considering a relativistic setup involving different reference frames. As is well known, the updated state at

intermediate times is frame dependent and outcome randomness, intrinsic to projective measurements, prevents
any information from being acquired on the updated state. Here we will see that when weak measurements are
implemented there is instead an interplay between randomness and interference, depending on the number of
qubits, so as to maintain consistency between descriptions in arbitrary reference frames. Analytical results are
given for a small or infinite number of qubits, while for a finite number of qubits we resort to Monte Carlo
sampling in order to simulate numerically the results of weak measurements. As a by-product, we show how a
single-shot measurement of the pointers’ positions allows us to make quantitative predictions on the outcomes
that can be obtained for any observable measured on a distant qubit of the multipartite state.
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I. INTRODUCTION

The tension between special relativity and quantum me-
chanics remains poorly understood at a fundamental level [1].
It is well known from Bell’s theorem [2] that any rendering
of the quantum correlations in terms of underlying physical
processes (beables in Bell’s terms) leads to a nonlocal model.
In particular, if the quantum state is taken to be a beable,
then for a multiparticle system in an entangled state, we get
the following features. First, a local measurement on one of
the particles (say particle 1) instantaneously updates nonlo-
cally the state everywhere, including at spacelike separated
points [3,4]. Second, the updated state is only meaningful
in a reference frame in which the measurement on particle
1 happened first, given that according to special relativity,
when different measurements take place at spacelike sepa-
rated points, the time ordering of different events can differ
in distinct reference frames. While no-signaling ensures the
“peaceful coexistence” [5], in any reference frame, between
special relativity and quantum theory, Bell has argued [6] that
the impossibility of sending signals can hardly be taken as
the primary physical principle accounting for the fundamental
causal structure of the universe.

Several works have examined the causality constraints
on nonlocal measurements [3,7-10]. In this paper we focus
instead on these intermediate quantum states that appear,
in a given reference frame, as the result of state update
subsequent to a measurement on an entangled state. State
update is a crucial ingredient in several major quantum
information protocols such as quantum teleportation, and in-
vestigations concerning its implications have seen renewed
interest [11-14]. Consider, for instance, the bipartite entan-
gled state of two qubits A and B,

V) = altu)al+w)s + Bl—u)al+w)s + y|+ual—w)p, (1)
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where |tu) and |£w) are the eigenstates of the spin pro-
jectors 6, and &, in two directions u and w, respectively.
Assume Alice and Bob are spacelike separated and measure
the qubits A and B in the |+u) and |+w) bases, respectively.
In a reference frame in which Alice measures first, Bob should
update |i) to one of the two intermediate states |+w) or
(a|+w) + y|—w))//|a|?> + |y|? depending on Alice’s out-
come. In a reference frame in which Bob measures first,
Alice should update |yr) to the intermediate states |+u) or
(a|+u) + Bl—u))/+/||* + |B]2. The intermediate states are
different in each reference frame and they are not related by
a Lorentz transform [4]. Moreover, the consensus is that state
update should be viewed as taking place instantaneously in
any reference frame [15]. The reason is that other recipes
(such as a light-cone-dependent collapse [16]) were shown [3]
to fail, in particular for measurements of nonlocal observables
(but see Refs. [13,17] for more nuanced views). However, any
attempt to characterize these quantum states through standard
projective measurements would fail, due to the fundamental
unpredictability intrinsic to quantum measurements. In this
sense, as it has often been argued, quantum randomness pre-
vents signaling and “saves” relativistic causality [18,19].
What happens if instead of standard projective measure-
ments we resort to nondestructive measurements in order to
attempt to characterize these intermediate quantum states?
What could in principle be observed in each reference frame?
How is nonsignaling enforced in this case? In order to tackle
these questions, we employ weak measurements [20], a spe-
cific form of nondestructive measurements. The aim of a
weak measurement is to characterize the quantum state of
a particle at an intermediate time, between preparation and
a final detection, by implementing a minimally perturbing
coupling between the particle and a quantum pointer. By
postselecting the particle state, the pointer state acquires a
shift that depends on the weak value of the particle observable
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coupled to the pointer. Although the precise physical meaning
of weak values has remained controversial [21-24], the op-
erational implications of the weak-measurement protocol are
unambiguous: The quantum state of the pointer is modified by
a quantity that depends on the quantum state of the particle at
the time of the interaction. As such, weak measurements have
been used experimentally to characterize the quantum states
of a system at intermediate times, for example, in order to
implement direct quantum state tomography or to observe the
quantum state evolution of a particle along different paths in
an interferometer [25-28].

By conditioning the weak-measurement process on a given
postselection, randomness appears to be circumvented. How-
ever, there is a trade-off: Very little information is acquired
after a single measurement, so a great number of identical
measurements must be made. This can simply involve repeat-
ing the measurement so as to acquire sufficient statistics in
order to observe, in the weak-measurement case, the shift of
the quantum pointer. Another option is to perform simultane-
ously a great number of measurements by preparing identical
pointers. In this work we resort to both options.

Starting from a state of the type given by Eq. (1), we sup-
pose that one of the observers, say Bob, implements a standard
projective measurement on qubit B, while the other distant
qubits are weakly measured by Alice. In Sec. II we consider a
scenario in which Alice receives a single qubit. Even though
Alice can repeat weak measurements many times, no infor-
mation can be acquired on the preselected state, which varies
randomly in one reference frame or is undefined in a reference
frame in which qubit B was not yet measured. In Sec. III
we examine the opposite case, with Eq. (1) being replaced
by a multipartite entangled state so that Alice can perform
weak measurements on a huge number of weakly coupled
pointers so as to gather enough statistics in a single shot.
We show, however, that although each qubit is subjected to a
weak measurement, the entire set of weakly measured qubits
behaves collectively, as the number of pointer tends to infinity,
as a strongly coupled pointer, limiting the information that can
be obtained from the measurement. In Sec. IV we consider
a smaller (finite) number of pointers and model numerically
the output of the weakly coupled pointer measurements by
resorting to numerical simulations through Monte Carlo sam-
pling. In this regime, statistics obtained from a single-shot
measurement on the pointers allow Alice to make quantitative
predictions on qubit B’s outcome for an arbitrary observable.
We discuss our results and conclude in Sec. V, stressing in
particular that only correlations, valid in any reference frame
and relevant to the full quantum state, can be characterized
with weak measurements.

II. WEAK MEASUREMENT OF A SINGLE
QUBIT ON MULTIPLE COPIES

Let us consider two qubits A and B initially (+ = 0) pre-
pared in state |ir) given by Eq. (1), each particle flying in
opposite directions. At ¢t = ¢tz Bob (located at xp) receives his
qubit and measures 6,,. For ¢ > t5 the state of particle A is
updated to either

[Yd) = +u) 2

or
al4u) + Bl—u)
Ve + 182

Attty > tp Alice, located at x4, performs a weak measurement
of some observable O by coupling qubit A to a weak pointer
initially prepared in state |¢), typically a Gaussian function
centered at X = 0. The first step of the weak measurement,
resulting from the qubit-pointer interaction Hamiltonian, is
described by the unitary exp(—igOAﬁ)h/ff) |p), where P is the
momentum of the pointer and g the coupling strength. As
required by the weak-measurements formalism, g must be
very small so that asymptotic expansions of the interaction
unitary hold. After the weak interaction, the qubit is imme-
diately postselected to the eigenstate |f) of another qubit
observable. Hence after postselection the (unnormalized) state
of the pointer is either [20,23]

lva) = 3)

lgi) = exp(—iey)lp) = ) 4)

or
lps) = laexp(—iey) + B exp(—ie_)]lg)
=alp™) + Bl ), )
where we have denoted the shifts by €,
€x = gRe O}, (6)

with OY the weak value

w _ (f101£u)
T (flEw)

For simplicity, we assume in this work that the weak values
are real. Note that |y,") can also be expressed in terms of a
single shifted pointer state, with the weak value [29,30]

(F101¥4) ®)

(flvs)
It will be convenient for what follows to use the form given
by the right-hand side of Eq. (5).

The two pointer states goj (X)and ¢, (X) are slightly differ-
ent; they nearly overlap but present different shifts. In order to
determine the profiles experimentally, several position mea-
surements of the pointer must be made, hence the need of
multiple copies. However, this procedure succeeds only if
the initial (preselected) state |y,) or [, ) is known. This
is possible but requires classical communication from Bob.
Otherwise the updated state remains unknown and Alice deals
with a statistical mixture of pointer states from which no
information on Bob’s measurement can be retrieved.

If (tg, xp) and (24, x4) are spacelike separated, there is a
reference frame R’ in which the time ordering of the mea-
surements is inverted, 7; <t (see Fig. 1). In R’, the qubit
A is not in a preselected state, given that the initial state
is the entangled state |¢). An observer Alice’ in R’ can of
course trace out particle B and obtain statistics for particle A
measurements, but in terms of an actual outcome the only fact
is the measured spatial position X,, of the pointer. After the
pointer’s measurement, qubit B is updated to the state in R’

)
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FIG. 1. Instantaneous state update in two reference frames. In
frame R (black) Bob measures first updating the state to |15), while
in frame R’ (red) Alice measures first updating the state to [/3").

(here left unnormalized),
V") = (Xnlp®™ ) 14w) s + B(Xnlp® )| +w)s
+ ¥ (Xul@™ )| —w)p. )

Here Wﬁ”’) can be any state compatible with the distribution
of the continuous random variable X,,. At t; an observer Bob’
sees qubit B being measured in the +w basis. If the procedure
is repeated, Bob’ would infer that qubit B is updated each time
to a different random quantum state. Classical communication
from Bob’ to Alice’ is received in R’ after both qubits have
been measured. With this communication Alice’ can sort her
past results and recover statistically the correlations embodied
in the entangled state |y). However, no information can be
extracted on the intermediate state.

We see that it is not possible to characterize the intermedi-
ate updated state in R by weakly measuring a single qubit on
multiple copies; as usual no information can be extracted after
a single weak measurement, while repeating the procedure on
multiple copies conflicts with the random outcomes of qubit
B’s measurements. The interplay of the minimally perturb-
ing character of weak measurements and the randomness of
projective measurements makes the description compatible in
both reference frames.

III. MANY WEAKLY COUPLED POINTERS: THE
INFINITE LIMIT

A. Multipartite states

Consider a multipartite entangled state similar to Eq. (1)
but with a huge number of qubits in the same state sent to
Alice’s side,

N N
) =a Q) [+u)il+w)s + B R) |—uil+w)s

i=1 i=1
N
+ ¥ Q) I+u)il—w)s. (10)

One weak measurement does not give enough information and
must be repeated, but N identical weak measurements (with
N — 00) do. Indeed, assume o = 0 in Eq. (10); qubit B is
measured first so that after state update Alice receives either
®f-\[:1 |[+u); or ®f\’=1 |—u);. Assume further that each qubit in

state |£u); is weakly coupled to a quantum pointer in state
|@;). Let us choose the postselected state, identical for each
qubit, such that |{f|4+u)| = |(f|—u)|. Then after postselection
each pointer is slightly shifted, |¢;) — |¢;*). Using the nota-
tion

| D) 1_[|g0 (11

we end up with a wave function for the shifted pointers that
is either @ (xy,...,xy) or @7 (xq, ..., xy). By measuring
the position of each identical pointer, Alice has enough statis-
tics to reconstruct the profile and determine the shift e, or
€_, thereby discriminating ®fv:1 |[+u); from ®f’:1 |—u); in a
single experiment (note that the two qubit states to be dis-
criminated need not be orthogonal). Notice that this is not
particularly surprising, after all the same conclusion can be
reached by projective measurements of the N qubits.
Now if @ # 0, the updated states become
lY) = ) 12)
N
W) = Q) I+u):. (13)

N |2+Iﬁ|2< (,XI)HM +ﬁ®|_

and

Introducing the N weakly coupled pointers leads after postse-
lection to

|®}) = | @) + BlT), (14)
|®y) = [D), (15)
where for simplicity we have assumed (f|+u) = (f|—u) and

left as usual the pointer states unnormalized. Now d1scr1m1-
nating |®X) from |®) ') (or more generally from another linear
superposition y |®+) + §| 7)) would reveal instantaneously
qubit B’s measurement basis and outcome. In this situation,
no-signaling is enforced by a rather curious property.

B. From nearly overlapping to quasiorthogonal pointers

Recall that an individual pointer state is minimally shifted
after a weak measurement, so two quantum states |p¢) and
|@€ ) are almost perfectly overlapping

(@°lp°) ~ 1 —i(€' — €){p|Plg), (16)

where € and €’ involve weak values such as OY that might
differ only in the pre-selected state [see Eqgs. (6) and (7)].
However, the tensor product of N identically shifted pointers
becomes orthogonal, in the limit of large N, to another product
of shifted states

(®€]0€) —> 0, (17)

N—o00

where we follow the notation introduced in Eq. (11). This
can easily be seen if ¢(x) is taken to be a Gaussian,
since (¢€|p¢) = exp[—(e — €)?>/8d*] ~ 1 (d is the Gaussian
width, which must be large relative to the shifts in the weak
regime [31]), but for N pointers (®€|®€) = exp[—N(e —
€')?/8d?] — 0 for sufficiently large N.
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Actually, one can prove that in the N — oo limit the shift
€ becomes an eigenvalue of the observable § = ), X;/N,

£19°)
where X; is the position of the ith pointer. This can be seen by
using the relation (see, e.g., [32] for the proof)

Xilon) = (X)lgi) + AXRilgit), (19)

where |p:) is defined from (@i |¢;) = 0 and is not normalized,

= €| D), (18)

(Xi) = (@ilXil@:), and AX; = (@i (X?) — (Xi)?|g;)'/%. Us-
ing the notation [®$)* = |¢f) @ [¢S) ® - R lgfH) ® - ®
loy), we apply Eq. (19) to [®€) with
o9t = o) (20)
yielding
E|o¢) = (X)| D) +—Z|d>€ Q1)

The first term on the right-hand side is independent of N and
is obtained by remarking that (&) = va: l()2,-) /N = (X). In
the second term, Aé‘ is also independent of N, but the 1/ N
factor, which comes about by normalizing |®€)* to 1 (since
(@€ €)= (@€|E| D) L), renders the second term negligible
as N — oo. Equations similar to Eq. (21) were employed
previously in the context of investigations of the macroscopic
limit of a huge number of identical systems [33,34].

The upshot is that when the number of pointers is large, the
states |®€) and |®€') become quasiorthogonal despite the fact
that the shifts ¢ and €’ are asymptotically small. Therefore,
superposition of pointers such as Eq. (14) cannot be discrim-
inated in one shot; actually measuring weakly a very large
number of pointers is equivalent to a strong measurement
of a single qubit. Measuring the pointers average in a state
o|P) + B| D) invariably yields €, or e_. We see that
randomness enters again so as to prevent any information from
being extracted from the intermediate state, though random-
ness appears now in a peculiar way: Rather than setting the
outcome of a single qubit, the random measured positions of
each pointer “conspire” to select one of the compound states
|®+) of the superposition.

This “conspiracy” is necessary in order to maintain consis-
tency between observers in different reference frames. In the
frame R’ introduced in Sec. II, the intermediate states |1ﬁf)
or |d>ff) of Egs. (12)—(15) do not exist. In R’ an observer
Alice’ would see the N qubits measured before qubit B’s
measurement takes place. After coupling and postselection,
the initial state |\W(z = 0)) = |¢)|D) [where |¢) is given by
Eq. (10) and |®) = |¢1) - - - |@n) is the ready state of the N
pointers] becomes

W) = [ ) (| +w)p + ¥ |=w)p) + BIPT)(|+w)p).
(22)

After the pointers are measured, due to the quasiorthogonality
condition (18), qubit B’s state is updated to one of the states
in parentheses in Eq. (22), similarly to a standard projective
measurement. This is different than the update to state |y3")
of Eq. (9) when a single qubit was weakly measured; the

pointer was then found to be in position X, and qubit B’s state
updated according to a state depending on X,,.

IV. AFEW WEAKLY COUPLED POINTERS:
MONTE CARLO SIMULATIONS

A. Setting

We will now seek to investigate in this section the inter-
mediate regime between the single weakly coupled pointer of
Sec. II and the large (infinite) number of pointers of Sec. III.
In this case, when N is of the order of a few tens or a few
hundreds, the resulting states |®€) are not orthogonal, so there
should be signatures of the superpositions of such states. The
drawback is that in this regime it is not obvious how to obtain
analytical results for a one-shot measurement of N weakly
coupled pointers. We need to resort to numerical experiments,
which we do in the form of Monte Carlo simulations. More
precisely, given a generic state of the form «|®+) + S| D7)
[where | ®€) is defined as per Eq. (11) above], the Monte Carlo
simulations will be employed to generate sets of positions
Xi, ..., Xy representing the outcomes of the pointers’ posi-
tion measurements.

B. Pointer states in R

The scenario remains the same as in Sec. III, with the
qubits prepared in the entangled state |yr) given by Eq. (10). In
‘R qubit B is measured first and Alice applies state update and
couples N pointers to the N qubits she received. To be specific,
let us assume Bob has two choices of spin measurement &,
or 6y with the corresponding eigenstates denoted by |+w)
and |£6). Let us also suppose each pointer to be initially a
Gaussian wave function (X;|¢;) = exp(—X?/4d*)/(2wd*)'/*
(from now on, we will measure position in units of d, i.e.,
we set d = 1). After the weak measurement of each of the N
qubits the updated state is one of

|PF") = al®) + BIO), (23)

|@5") = |9), (24)

|1%) = (a(+6] + w) + y (+6] — w))| D)
+ B(+6] + w) D), (25)

|03%) = (@(=0] + w) + y (6] — w))| D)
+ B(—0] + w)| ), (26)

where we used the same notation as in Egs. (14) and (15).
Alice measures the position of each pointer, acquiring in one
shot the positions {X|, ..., Xy}

C. Monte Carlo sampling

The one-shot pointer positions, which form a statistical
ensemble of continuous random variables X = {X{, ..., Xy},
are generated from Monte Carlo simulations, described in
the Appendix. The target function (which is the probability
density function we wish to visualize by the Monte Carlo
sampling) is one of the four distributions |(X, ..., Xy| <I>jf'”) |2
or |[(Xi,.. .,XN|<I>AJE‘7)|2 arising from the pointer wave
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(a) N=200, Bob measures o,

ey [ Bob obtains +
L [0 Bob obtains —

(b) N=200, Bob measures oy

m [ Bob obtains +6
[ Bob obtains -6

FIG. 2. Probability distribution of £ obtained from Monte Carlo simulations for N = 200 weak pointers after state update in frame R
(where qubit B is measured first). Bob chooses one of two measurements, either in the z direction or in a direction 6§ = 7 /4. (a) Qubit
B measured in the z basis. If the outcome is +, & obeys the orange colored distribution; if the outcomes is — it obeys the green colored
distribution. (b) Same as (a) for qubit B measured in the 6 basis. The weak-coupling constant is set to g = 0.1 [g is given in units of position,

which is in turn given in units of the Gaussian width d (we set d = 1)].

functions (23)—(26). For a given target function, we generate
k sets XX, each corresponding to the realization of a one-shot
measurement of the N pointers (an example of a realization is
given in Fig. 5). For a given realization k an observer such
as Alice can compute simple statistics such as the average
pointer position £¥ = " | X}/N and the root mean square.
Averaging over k, one expects to recover the quantum me-
chanical averages, e.g., (§) = (®|&|®) for the average of the
mean position; since we have assumed Gaussian pointers,
it is straightforward to obtain (£) or the variance (A£)*> =
(®|£%| D) — (P|£|P)? analytically for a wave function of the
form |®) = a|D+) + b| D).

We will present numerical results for the choice « =y =
1/4/12 and B = /5/6; for the measurement basis we set
6y = 6, and 6y = 64 for Bob and 0 =6, and |f) = |+x)
for Alice’s weakly measured observalile and postselection

state, respectively [we define |+x) = —2(|+) + |—)), where

|£) constitute the eigenbasis of o,]. This choice arises from
a careful tuning in order to get a representative situation. The
initial state (10) then takes the form

1N \/3”
=— i SR -)il+s @7
2 %§|+)I+x)3+ 6(§)| e Q27

the weak values (7) are readily computed as (+x|o,|%)/
(+x|%) = %1, and the shifts (6) become e* = +g. A Monte
Carlo simulation can then be undertaken for each of the four
updated states (23)—(26). We present here results for different
values of the number of qubits N.

Figure 2 shows the distribution of &, for N = 200 point-
ers when the updated state is |<I>jfz) [Fig. 2(a)] or |<Dj”/ 4)
[Fig. 2(b)]. The probability densities shown in the plots take
into account the probability to obtain a given state update, i.e.,
a given qubit B measurement outcome. Notice that if Bob’s
measurement is known to be &,, then Fig. 2(a) tells us that
there is a range of & values & < —0.1 for which a single-shot
measurement of the pointers gives unambiguous information
on Bob’s outcome simply by computing the average of the
N pointers’ position. This is similar to the N — oo limit of
Sec. II1, or for that matter to a projective measurement of &, on
the bipartite entangled state of Eq. (1). For values § > —0.1

the distributions corresponding to the states |<I>fz) overlap and
a single-shot measurement of the N pointers does not dis-
criminate between both possibilities, similarly to the overlap
between slightly shifted pointers in the case of a single weak
measurement (Sec. II). However, for each observed value of &
it is possible to quantify the relative probabilities of qubit B’s
past or future outcome; for instance, if & > 0.1 is observed,
one infers that the outcomes %1 are roughly equiprobable.
Figure 2(b) shows similar features, except that there is
a substantial overlap between the measured updated states
|<I>ff”/ 4) and that the +1 outcome is much more probable.
Note that when the pointer average is £ =~ 0.04 it can be said
with nearly unit probability that the updated state was |<I>:{” "y

given that the probability density for |<I>;”/ 4 is nearly zero
around & >~ 0.04.

If we increase the number of qubits that Alice measures,
the overlap is reduced until we get a behavior approaching
the N — oo limit. In Fig. 3, where N = 400, we see that the
overlap between the peaks corresponding to |<I>jfz ) or |d>/f”/ 4)
is starting to decrease, but the regime is still similar to the
N = 200 case: If Bob measures in the & basis, Alice can be
certain of his outcome only if she obtains & < 0, and if Bob
chooses to measure in the 6 basis, Alice can be certain of
his outcome only if she obtains an average position over her
pointers of & >~ 0.01.

D. Pointer states in R’

In R’ the pointers are measured in the entangled state
[W(])) given by Eq. (22). The pointers’ positions in this case
can be also be inferred from the Monte Carlo simulations
computed above: Since the probability to obtain a set of posi-
tions X in state |W(z])) does not depend on the measurement
basis of qubit B, we can use the simulations computed for a
target function |[(X, . .. ,XN|<I>j9) |> (where 6 can now be any
angle) weighted by the probability of occurrence of |d>jf9).
An illustration of the average distribution corresponding to the
state (27) is illustrated in Fig. 4 for N = 200 (corresponding
in R to the distribution shown in Fig. 2).

Note that the subplots for |®) or for |<I>;0) obtained in
R are still meaningful in R/, not as a characterization of
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(a) N=400, Bob measures o,
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[0 Bob obtains —
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(b) N=400, Bob measures 0y

0.08 Th [ Bob obtains +6
[0 Bob obtains —6

FIG. 3. Same as Fig. 2 but for N = 400 pointers.

an intermediate state |<I>i) or |<I>/§9) which does not exist in
R’ but as conditional distributions compatible with a future
measurement of 8¢ on qubit B. For instance, if Alice’ finds
an average & = —0.2 when measuring X;, she can conclude
that if 6, is chosen to be measured on qubit B, the 41 outcome
will be obtained with certainty. Dealing with a finite number
of coupled pointers involves elements of both cases examined
previously: The states |®“) of Eq. (22) are not quasiorthog-
onal, so in R’ qubit B’s state is updated to a state |1ﬁ§‘k)
depending on the measured positions Xy, similarly to the state
|1/f§§m> of Eq. (9) after a single weak pointer is measured. There
are however a substantial number of sets X for which either
(Xg| D) or (X;| D<) vanish, leading to a behavior similar to
the quasiorthogonality or projective measurements. There are
also sets for which (Xk|<I>X9) or (Xk|d>;9) can be nearly zero
by interference [see Egs. (25) and (26)].

V. DISCUSSION AND CONCLUSION

According to Peres, when measuring two qubits in an
entangled state such as |¢) of Eq. (1) there are only two
events, the intervention on qubit A and the intervention on
qubit B, while state update “is not a physical process” [4].
Nevertheless, if the measured observable and the outcome of
qubit B are known, e.g., by classical communication, it can
be verified, without altering in any way the local qubit that
the updated state will be obtained with certainty. Hence it
comes as no surprise that views opposite to the one upheld by

Distribution in R’

-

0.06 1 n

0.05 I h

0.04 1

0.03 1

Probability

0.02

0.00 et t t 7

-0.3 —-6.2 -0.1 0.0 0.1 0.2 0.3
3

FIG. 4. Probability distribution of & for N = 200 in reference
frame R’.

Peres can also be defended. For example, Ghirardi has pointed
out [35] that if one accepts that quantum states are frame
dependent (more precisely, they depend on hypersurfaces of
simultaneity) then it is consistent to uphold that state reduc-
tion is an “objective” process endowed with Lorentz-covariant
rules. Cohen and Hiley instead argued [17] that assuming an
objective instantaneous state update model ruins any chance
for a causal interpretation in terms of beables depending on
the quantum state properties. They showed that introducing a
preferred frame is still consistent with quantum probabilities,
except that in this case the Hilbert space description at inter-
mediate times breaks down in frames other than the preferred
frame, and the entire weak-measurement process (including
the unitary coupling) can only be described in the preferred
frame.

At any rate, no-signaling appears as the practical impossi-
bility for an observer to extract any information concerning
a remote measurement from the updated state of the local
qubit. While no-signaling is required for consistency between
descriptions in different reference frames, understanding
how no-signaling is enforced is tantamount to addressing
the origin of relativistic causality. Outcome randomness is
most often cited as the main ingredient in maintaining
relativistic causality—it is well known that no-signaling im-
plies that quantum correlations must have random outcomes
[18,19]—but we have seen when attempting to characterize
intermediate states with nondestructive weak measurements
that superposition comes into play.

In Sec. I we have seen that the quantum state of a single
weakly coupled pointer is of the form

alg) + ble*), (28)

where a and b depend on the distant (qubit B) measurement
observable and outcome and characterize the updated state.
However, since states |¢€) and |¢€) (where € # €’) nearly
overlap [Eq. (16)] the superposition (28) cannot be charac-
terized in a single shot, while repeating the procedure with
many copies yields different superpositions (at least stochastic
outcomes for the same measured observable), precluding any
information to be extracted from the statistics of repeated
weak measurements. However, if the distant qubit’s measure-
ment outcome is known, each weak measurement can be
sorted according to the updated state, and the corresponding
distribution (28) can be obtained.
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In order to circumvent the stochastic character of state
update when repeating measurements, we have introduced N
simultaneous weak measurements on a multipartite entangled
state. When N is very large however, we have shown in
Sec. III that the individually overlapping pointers behave col-
lectively as quasiorthogonal pointers. Hence a superposition
a|®) + b|P~) cannot be characterized in a single shot and
the weak measurement becomes equivalent to a projective
measurement.

Finally, there is the intermediate case, in which there
are sufficient pointers to gather statistics but the collective
pointer states are not orthogonal and their superpositions
overlap. The numerical simulations presented in Sec. IV in-
dicate that quantitative partial information can be obtained on
the measurement outcomes made on the distant qubit. This
information however does not characterize the updated inter-
mediate state but the correlations of the entangled quantum
state. For instance, a statistical quantity such as the average
measured position £ obtained by measuring in a single-shot N
pointers correlates with a given probability with an outcome
on qubit B for any measured observable. This is a conditional
probability (that for some observables and a given realization
of £ may be zero or unity) correlating measurement outcomes
observed by distant parties and does not imply that such a
measurement has taken place (say in R) or will take place (in
another frame R’). Note that it has been argued [36] that, by
construction, weak measurements decompose quite generally
possible measurements into subensembles that are coherently
reshuffled upon realization of all the final measurements.

To conclude, we have seen that weak measurements, like
any other type of measurements, characterize the correlations
encapsulated in the full entangled state. An interplay between
randomness and superposition (associated with particle and
wave characters, respectively) prevents any information from
being acquired on the elusive intermediate frame-dependent
state. No-signaling, implemented here through outcome
randomness and superpositions, appears as a fundamental
property in maintaining consistency between descriptions in
different reference frames.

APPENDIX: METROPOLIS-HASTINGS SAMPLING
OF A MULTIMODAL DISTRIBUTION

1. Metropolis-Hastings algorithm

In Sec. IV we employed the Metropolis-Hastings (MH)
algorithm [37], a method from the Markov chain Monte Carlo
family, to sample from a complex, multivariable probabil-
ity distribution. Direct sampling was not feasible due to the
multimodal nature of the target distribution, which involved
multiple peaks.

The implementation of the MH algorithm involves sam-
pling a list of N variables (points) from the multivariable
distribution as follows.

(i) Initialization. We start by selecting an initial list of
points Xo = (Xo.1, Xo.2, - - - » Xo.v) in the sample space, where
each Xy, represents the starting value for variable i in the
chain.

(ii) Proposal step. At each iteration, a candidate list of
points X* = (X}, X5, ..., Xj) is generated from a straightfor-

ward Gaussian proposal distribution ¢(X*|X;), where X, =
(X:.1,X: 2, ..., X n) is the current state of the chain. Each
point in the list is proposed independently for each variable
using a proposal distribution (identical for all variables)

1 (X,'* - Xt,i)2
exp (-2 ), (A
[2n0} 20,

where o, represents the standard deviation of the proposal
distribution. The overall proposal distribution is then given by

qi(X1X,,1) =

N
a(X*1X,) = [ [ a7 1%:.0)
=[1

i=1
N
X — X, ;)2
exp (—%) (A2)
i=1 27‘[0'(]2 20‘/

(iii) Acceptance step. For the entire list of proposed points
X*, we compute the acceptance ratio

_.( ﬂwmmwv
oa=min|1l, ——— |,
7 (X)g(X*X;)

where 7 (X) represents the target multivariable distribution
and g is the proposal distribution. Since g is a symmetric func-
tion, we get g(X;|X*) = ¢(X*|X;) and thus the acceptance
ration becomes

(A3)

. ( N(X*))
o =min | 1, .

w(X;)

This acceptance ratio determines whether the entire new list
of variables should be accepted.

(iv) Move or stay. With probability «, we either accept
the candidate list X* (setting X,,; = X*) or retain the current
list X;4+; = X. This can be simply achieved by generating a
random variable y € [0, 1] and accepting X* if y < «.

(v) Iterate. We repeat these steps for several iterations. In
each iteration, a new sample list of size N is generated (equal
to the number of variables) and the average of the list across
iterations is recorded.

2. Wave function and target distribution

The target distribution is derived from the absolute square
of a wave function of N identical pointers [as in Eq. (14)],
expressed as

N Xi— 2
O(X) = (X|®) = a[ [ exp (—%)

i=1
—i—bl_[exp( (X+€) ), (A4)

where a and b are normalization constants, € represents a shift,
and d is the standard deviation of the Gaussians. Recall that
the individual pointer states are given by

1 X; £¢)
exp| ————).
2md? P 2d?
Note that we set d = 1 and the shift in the weak pointer’s
position is chosen to be € = g =0.1. The resulting target

i(X; €)= (A5)
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distribution is

n<X>=|©(X>|2=[ Hexp(
N : 2 2
+ bHexp (—@)] . (A6)

where a and b depend on the given updated state [see
Egs. (23)-(27)]. A specific sample is illustrated in Fig. 5.

3. Considerations for proposal distribution

Even though our target distribution is multimodal, with
two distinct peaks, this straightforward approach turns out to
be sufficient for sampling from the multivariable distribution,
given the problem constraints. A key factor for successful
sampling is choosing the width of the proposal distribution
04, as one needs to tune the width of the “jumping” steps
to guarantee that the proposed point lies within a reasonably
probable region. The choice of o, becomes more critical as the
number of variables (weak pointers) increases, since the peaks
of the distribution of & become narrower, making it harder to
achieve a successful jump (compare Figs. 2 and 3).

4. Results and discussion

The histograms of the sample means & were scaled to rep-
resent the total probability of obtaining outcomes associated

0 50 100 150 200 250 300 350 400
Pointer Index
FIG. 5. Sample from the distribution for the updated state given
by Eq. (26) [representing the case in which Bob measures in the 6
basis and obtains —6, corresponding to Fig. 3(b)]. The plot gives the

measured positions of each pointer (here N = 400). In this specific
case, the average of the sample is £ = —0.12.

with the states studied (depending on Bob’s choice of mea-
surement and outcome). One of the primary challenges was
ensuring accurate sampling across the multimodal distribu-
tion. As the number of variables (or weak pointers) increases,
the likelihood of successfully sampling from both peaks, or
jumping between them, decreases. To address this, we used a
large number of samples to ensure the Monte Carlo process
stabilized within the target multivariable distribution.
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